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Free Energy of the Chiral Potts Model in the
Scaling Region
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We explicitly calculate the free energy ¥ of the general solvable N-state chiral
Potts model in the scaling region, for T< T,.. We do this from both of the two
available results for the free energy, and verify that they are mutually consistent.
If t=T,.— T, then we find that (¢ —¢ )/t has a Taylor expansion in powers of
t*N (together with higher-order non-scaling terms of order ¢, or tlog 7).
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1. INTRODUCTION

The free energy y,, of the solvable chiral Potts model depends on four
quantities: the number N of states per spin, a temperature-like parameter
k', and explicitly on two rapidities p and ¢. It was first obtained in 1988,"
yielding the critical exponent o =1 —2/N. The method uses only the star—
triangle relation for the model (ref. 2; ref. 3, pp. 83-87), showing that this
implies partial differential equations for y,,, involving a single-rapidity
function G,. However, the solution of these equations is intricate and far
from transparent.

Alternative expressions as explicit integrals were obtained later’® by
solving the functional relations for the transfer matrices.'” A fuller deriva-
tion is given in ref. 6, but regrettably there are inconsistencies in the choices
of the variables v, and v, of Eqs. (52)-(64) therein: it seems that v, and v,
should instead*be chosen to lie between —3n/2 and —n/2, and that the
result (64) is then correct for —n <u, <u,<0. The results given in ref. 4,
with —n/2 <v,, v, <n/2, are correct as written.
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It is by no means obvious that the solution of ref. 1 is the same as that
of refs. 4 and 6. It would be interest to establish this directly, so as to better
understand the analyticity properties of ,,, and to obtain explicit expres-
sions for the single-rapidity function G,,.

We have not yet succeeded in doing this, but here we do show that the
two results lead to the same explicit result for ¢, in the scaling region near
criticality. In fact we work not with y,,, but with the quantity In%,,
related to it by (10) and (20): In%,,= —¥,,—In(p,,D,,).

More precisely, if k is the modulus of the model that is zero at criti-
cality and unity at zero temperature, then near criticality k2 is proportional
to the temperature deviation T— T,. The free energy has an expansion of
the form

In &,, = P+ Ok*+ k2S(k*M) + O(k* log k) (1)

(Higher terms in the expansion are of the form k" **¥N possibly multi-
plied by logk.) Here P, Q are independent of k, while S(x) is a Taylor-
expandable “scaling function,” zero when x is zero. Here we evaluate P, Q,
S(x) from the integral expressions of refs. 4 and 6. They are the quantities
CL/AN, CO/ANK?, CUV/ANK? of Section 4.

In Appendix A we check the equivalence of the various published
forms for the critical free energy P (at which point the model reduces to the
Fateev—Zamolodchikov model””). In Appendix B we verify that the
method of ref. 1 gives the same results for @, S(x): this is an extension of
the calculation in ref. 1, where we obtained P, Q and the first nonzero coef-
ficient in the Taylor expansion of S(x).

One interesting point is that both P and S(x) (but not Q) depend on
the vertical and horizontal rapidity variables u, and u, only via their dif-
ference u,—u,. In fact, S(x) is simply proportional to sin(u,—u,). Thus,
although the chiral Potts model does not in general have the rapidity dif-
ference property, we do regain it in the scaling region (provided we neglect
terms analytic in £2).

2. THE MODEL

We define the solvable chiral Potts model in the usual way.>® Con-
sider the square lattice of 4" sites and L columns, drawn diagonally as in
Fig. 1, with toroidal (periodic) boundary conditions. At each site i there is
a spin o;, which takes values 0,., N—1. Adjacent spins interact with
Boltzmann weights W, (g,—0;) for SW — NE edges and W, (5,—a,) for
SE -» NW edges, as indicated.
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1 2 L 1

Fig. 1. The square lattice (drawn diagonally) with L columns and cylindrical boundary
conditions.

We now define the functions W, (n), W,,q(n). Let &k be a real constant,
0<k<1, k'=(1-k*'?, and let w=exp(2ni/N). Let x,,, y,,, 1,, 4,, tp, J,
be complex numbers (“p-variables”), related by

xy+yy=k(1+x)y)),  x,y,=t,
x¥=1-Ki7\,  ky¥=1—Fk2, @)

=ty Tp==Apx)lyy

We regard N and k as fixed parameters. Then if any one of the
“p-variables” x,,.., J, is given, the rest are determined, to within a finite
number of discrete choices of Nth roots and solutions of quadratic equa-
tions. In terms of the a,, b,, ¢,, d, of ref 2, x,=a,/d,, y,=b,/c,,
pa=d,/c,, J,=—(a,d,/b,c,)". We can regard the variables as being a
point p on an algebraic curve (with one degree of freedom), and refer to
this point as the “rapidity” p. The parameters ¢, and 1, are particularly

significant: they are delated by
kot =1—k'(A,+ A"+ k" (3)

As in ref. 1, we also introduce variables u,, v, related to one another
and to those above by

., _ . ] R S iy,
sinv, =k sin u,, k'(2,—2,")=2ke" cos v,
xp = ei(u— u)/N’ yp — ei(n+u+u)/N’ tp = ei(n+2u)/N (4)
) .
k' _sin(u, +v,)

J = =
P 14+ k*>—2kcos(u,—v,) sin(u,—v,)
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Similarly, define “g-variables” x,, y,, ¢,, 4., #4» J,4» 44, v,. Then the
Boltzmann weights are, for all integers n,

,u n n y _wjx

Wpe(n) = Wpe(0) (j) H yq_—wlxp
q _/=,: P qj (5)
— — X, —wW'X
Wog(n) = Wo(0)(p,p )" [T —E——1
Pq Pq pq jEL yq_ﬁpﬁ%

In this paper we leave the normalization factors W, (0), W,,,,(O) arbitrary,
except to require that they be real and positive, and have the rotation
invariance property given below in Eq. (15).

They have the periodicity properties W, (n+N)=W,(n),

W, (n+ N)= W, (n). Here the rapidity p is associated with the vertical
direction, g with the horizontal. We shall need the associated quantities

N-1 /N N—1 /N
ppq:{ H Wp-’l(")} > p_pq={ H qu(")}
n=0

n=0
quz{detN[ qu(i—j)]}l/Na qu={detN[ qu(i_j)]}l/lv (6)
8pa=Dpy/Ppg> 8p0="Dpq/Ppq

Explicit product formulas for D_M are given in Eqs. (3.22) of ref. 1 and
(2.44) of ref. 5. In (23) of ref. 6 these are put into the form

N—1
g—pq=N|/2’7—l/N[(xIIJV_qu)(y;)V_y:]V)](l—N)/ZN 1—[ (tp_wjtq)j/N (7)
j=1

where

’7=ein(N—l)N+4)/12 (8)

In Eq. (2.47) of ref. 5 it is remarked that
Zpq Epq = NI TN 9

The partition function depends on p and ¢, so we write it as Z,,. Then
the partition function and dimensionless free energy per site are

qu:ztlr{;'" Vpe=—Ink,, (10)

(In this notation, the (5 of Eq. (3.41) of ref. | and the § of Eq. (28) of
ref. 6 are Y, +In[ p,, 5,,1; while the V(z,, A,) of ref. 4 is {x,,/(p,gD,)} *)
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2.1. Physical Regime

We can choose x,, x,,¥,, ¥4, 1, I, sO that they all lie on the unit
circle, and are arranged so that

arg(x,) <arg(x,) <arg(y,) <arg(y,) <arg(wx,) (11)

arg(1,) <arg(t,) <arg(wt,) (12)

Using (2), the restrictions (11) imply (12); conversely, if ¢,, 1, satisfy
(12), there is a unique choice of x,,x,,¥,,y, that satisfies (11).
If —2m/N<arg(s,)<0, then this choice ensures that |[4,|<1; if
0 <arg(t,) <2mn/N, then |4,| > 1. Similarly for ¢, and 4,. 3

With these choices, all the Boltzmann weights W,,(n), W, (n) are real
and positive, so the model is then physical: Z,,, x,, must be real and
positive; ,, must be real. Here we shall focus our attention on this case,
which we call the “physical regime.” The parameters u,, v,, u,, v, are par-
ticularly useful in this regime. They are then real, satisfying

—nf2<v,<m/2, —n/2<v,<mn/2, u,<u,<u,+mn (13)

while J, and J, are real and positive.

Of course our results can be extended into the complex plane: such
extensions can be very useful in any calculation, and vital in an under-
standing of the analyticity properties of «,,.

2.2. Rotation and Inversion Relations

An automorphism that plays a significant role in the model is p — Rp,
where

*RrRp=Vp> Y rp = 0Xp, Hrp=1/1t, (14)

try =L, Upp=U,+T
We require that the normalization factors W, (0), qu( 0) in (5) satisfy
Wq.Rp(O) = qu(o), W(I,Rp(o) = qu(O) (15)

Then the weight functions and associated parameters have the properties
(for all integers n, a, b)

Wq,Rp(n) = qu(n)! Wq,Rp(n) = qu( —n)

Pa.ro="Ppg> Pq.ro=Ppg> DqJ?p:qu’ D_ILRP:DP‘I (16)
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8.7 =8pq> 8470 =E&pa> Wo() Wioo(n) = ppapgp

rPqpPq

N—1|
z Wpll(a_c) W,,,,(C—b):D_ 5 if a=b, mod N
c=0
=0 otherwise (17)

The properties (16) ensure that replacing p, g by g, Rp is equivalent to
rotation the lattice anticlockwise through 90°. This leaves the «,, and
unchanged, so

Kq.rp =Kpq (18)

In the physical regime, it follows from (11) that x,, x,, y,, ¥,, @x,,
WX, OX,, OF,, O, ©°X,,.,0" 'y, form a set of 4N points ordered
anticlockwise around the unit circle, the last element being following by the
first. The mapping p, ¢ — ¢, Rp simply replaces each element of this cycli-
cally ordered set by the next. Hence x,,, is unchanged if x,, x,, y,, y, are
replaced by any other four consecutive elements of the set.

Further, the relations (17) imply the “inversion relation™®

Kpa¥ pa = PpaP apDpa P (19)
where x,, is obtained by analytically continuing «,, through the inversion

point p=gq.

2.3. The Modified Partition Function per Site &,
An associated quantity that we shall use is
kpr/=qu/(pqu_M) (20)
[ This is the exp( —4,,) of ref. 1 and the ¥(z,, ,)"/* of ref. 4.] This is inde-

pendent of the normalization factors W,,(0), W, (0). Using this, we find
that the inversion relation (19) simplifies:

g, Rk, =1 (21)

pqlpg =

while the rotation symmetry (18) becomes more complicated:

Eq.sz(g-pq/gp.q) iépq (22)
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3. EXPRESSIONS FOR k,,
For |4, <1, |4, <1, and —2n/N <arg(t,) <2n/N, defined functions

A(0), A,,, B,, by
A(0) = [(1 =2k’ cos 0+ k'2)/k2]'"Y (23)
27 y) i N—1 )
A q=(2n)_'J Lt e S (N=j)In[4(8)—o't, 10 (24)
P 0 l—lpe’ P q

w02 ]+ 4e® 1+ A, e
— ({p2) ! » a®
BI”I (8” ) J;) J;) 1 _lpew 1 _lqeldt
N—1
X Z (N—=2j) In[ ™" 4(8) — 0’ A(¢)] d6 dp (25)

j=1

Then B,,= —B,, and in ref. 6 we show that

NIng,,=[(N—1)21In(,/3,)+ A,y — A, — B,, (26)
provided |4, <1, |4,] <1, —2n/N argt,<0, and —2n/N arg ¢,<0.
We can write these integrals in various ways, some of which manifest
the fact that £, is real in the physical regime. In particular, if we introduce
the Fourier transform funtion

e I oot U
then in ref. 6 it is shown that
4NIn %, =(N—1)In <:J,;f> +p[" EelP) ex‘;[iﬁ(;‘j\,;,””)/”] P 8)
where P indicates the principal-value integral and
E,(B)=[G,(B) G,(—pB)+cosech’( )]
x [ N sinh f cosh(N — 1) —sinh Nf]
+ N sinh(N —1) B[ G,(B) + G,(=)] (29)

provided both u,, u, lie in the interval (—=,0), and v,, v, in the interval
(—m/2,0). [There is some confusion in Egs. (52)—(65) of ref. 6 as to the
choice of Uy Uyt if we choose them as we do here, then the definition

of G,(f) in Eq.(55) of ref 6 has to be negated, giving (27). The result
reported in ref. 4 is correct as written. ]
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We can extend these results for £, to the remainder of the physical
regime, either by analytic continuation (taking care to form the correct
continuation when, for instance, a pole crosses a contour of integration), or
more easily by using the rotation symmetry (18), (22). Boundary cases can
be handled by taking an appropriate limit.

It is readily seen (by negating ) that the right-hand sides of (26) and
(28) are antisymmetric functions of p and ¢, in argument with (1). Further-
more, it has recently been verified explicitly that the analytic continuation
of (26) does indeed satisfy the rotation symmetry.*’

4. THE SCALING REGION

At k=0 the model becomes the critical Fateev—-Zamolodchikov
model."””’ Here we are interested in the behavior as this critical limit is
approached. One can verify that the Boltzmann weights W, (n), qu(n) are
even functions of k, expandable in powers of k%, so k? plays the role of the
temperature deviation from criticality 7. — T.

At least for N even, some of the neglected terms in the expansion also
contain a factor log k. To avoid irritating repetition, if we say that we are
neglecting terms of order k", then we are also neglecting terms of order
k" log k.

Let

1—K k2 1
zo_m_m=exp[ —2 arcosh (E)] (30)

Then by integrating the integrand in (27) around the rectangle with
vertices —S, S, S+in, —S+ir, allowing for branch cuts from in/2
tarcosh(1/k) to in/2 + co and the pole at i(z +u,), and letting § — oo, we
can rewrite (7) as

G,(B)=[1+H,(B)]/cosh § (31)
where

Hyp)= =222 o2 () V()] (32)

V(B) =2kt 2t~ Wi [ (7 di
By =2k" 2y~ e L(1+e2f~»zot>[<1—t)(1—z?sﬂ]"z

(33)

and V*(p) is defined similarly, but with i replaced by —i. [ Thus it is the
complex conjugate of V,(f) if k, zy, u,, and B are real.] V,(B) and
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V¥(—p) are bounded analytic functions of § on the real axis and in the
UHP. One can verify by direct integration that

2cosv,V,(0)=2iv,+InJ, (34)

Similarly, 2 cos v, ¥ *(0) = —2iv, +1n J,, and hence G,(0)=1+2v,/x.
Substituting (31) into (29), we obtain

E,(B)= Z ED(B (35)
where
W _ Nsinh f cosh(N +1)  —sinh Nf cosh 28
ra(F)= sinh? 8 cosh?
, N—1)sinh N[ H H (-
g - WD NILE(P) ) )
3) [N sinh § cosh(N — 1) —sinh NB] H,(B) H,(—f)
qu(ﬁ)= 2
cosh* f

As k— 0, z, also tends to zero (to leading order it is k*/4), so V*(B),
V—B), V-8B, HSB), H(—p) all become small. The equations are
therefore in a form where we can examine the critical behavior. To do this,
it is convenient to consider separately the contributions to the RHS of (28)
of the terms EV, E2) E®,

4.1. Contribution from E'"!

The term E'Y in (36) gives a contribution to (28) of

E[(B) exp[28(u,—u,)/n] df
Cm P«[ p sinh NS

(37)

This is independent of k and is the only nonzero contribution in the limit

k—0. (J, and J, both tend to 1.) It is therefore the free energy 4N In &,

of the Fateev-Zamolodchikov model”’ [ref. 1, Eqgs. (6.11) and (6.15)].
We now Consider the other contributions to (28).

4.2. Contributions from (N-1) In(J,/J,) and E*

The terms arising from E® are linear in the }”s and each correspond-
ing integral can be closed around either the upper or lower half-plane.
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Because E‘® contains a factor sinh 8, the only singularities are single poles
at #=0 and double poles at f=i(2n—1)7n/2 (n an integer). The poles at
B =0 given a combined contribution to (28) of

(N=1)cosv,[ V,(0) + V}0) — V,(0) — V(0)] (38)

Using (34), this is —(N—1)In(J,/J,). Thus the contribution of the poles
at f#=0 precisely cancels the (N —1)In(J,/J,) term in (28). This ensures
that there are no terms of order & (or of higher odd powers of £} in the
expansion of (28).

The next highest order contribution comes from the poles at
B=+in/2 in E®, and is of order k? (or, because the poles are double,
k?log k). To this order we can set z, = 0 inside the integrand of (33), giving

V(By=2k"'z~#"e™ B(1—ifn, 1/2) (39)

where B(x, y)=I(x) I'(y)/(x +y) is Euler’s beta function.
We can also take cosv, in (32) to be unity, giving a contribution to
(28) of

Sﬂq + S:q - SM - S:q (40)
where
2(N 0 zl lﬁ/neﬁ(l + 2ug/n) lﬁ 1
S e P 0 - 41
= e[ BB (1-25) e @
and S}, is the “complex conjugate” obtained from it by replacing i by —i,
wile leaving k, z,, u,, u,, § unchanged.

The function B(1 — zﬁ/n, 1/2) is bounded and analytic in the upper half
B plane, so the integral can be closed round the UHP, and the contribution
in which we are interested comes from the double pole at § =in/2. We can
break the residue at this pole into two parts:

(a) The part coming from the first derivative at § = in/2 of the factor
B~ 'z~ #MmePB(1 —iB/m, 1/2). This depends on the rapidities p and ¢ only
via a factor exp[i(u, +u,)]. It is therefore symmetric in p and g, so cancels
out of (40) and can be ignored. For this reason there are no k? log k terms
in the contribution.

(b) The part coming from the first derivative of exp(2fu,/r). To
leading order (setting z,=k?/4), this contributes of S,, a term

—2(N—1) k2~ 2u, e+ B(3/2,1/2) (42)
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Noting that B(3/2, 1/2) =n/2, it follows that the contribution to (28)
of the terms of order k* coming from E‘® is

CR = —2(N—1)k*n~"(uy— u,) cos(u, + u,) (43)

There are other terms coming from the expansion of the integrand in (33)
in powers of z,, and from the poles at §=3in/2, 5in/2, etc. These are of
order k% kS,....

4.3. Contributions from E'3!

Substituting the forms (32) of H,(f), H,(—pB) into (36), we can break
E)(B) into two parts, one containing V,(8) V,(—f) and V}(8) V}(—B),
the other containing V,(8) V *(—pB) and V,*(8) V (—B).

The first involves k and z, only via an external factor zj/k? and the
z, inside the integrand in (33). The corresponding contribution to (28) can
therefore be expanded in powers of k>. At first sight there is a leading term
of order k°, but it is an integral over f from — oo to oo of an odd function
of B, so it vanishes. The surviving terms are at most of order k*.

Now consider the term containing V,(8) V*(—p). Ignoring terms of
relative order k>, we can replace H,(f) H,(—p) in Eq.(36) for E® by
exp[ 268(u, — u,)/n] V,(B) VI~ f)/a, ie. [using (39)] by

(2 nk)zzz—Ziﬁ’/ne2ﬂ(u,,—uq)/1zei(up—uq)B(l —i T, 1 2)2 (44)
0

The resulting contribution to the integral in (28) can be closed around the
UHP, the integrand being analytic except for poles arising from the factors
sinh N, cosh? § in the denominator.

The factor z2~%#/ ensures that (for k small) the dominant contribu-
tion to the integral comes from the poles closest to the origin, i.e., f=inj/N
for j=1,2,.., where sinh Nf vanishes. (There is no pole at the origin.)
Noting that sinh Nf is then zero, we can replace the definition (36) of E©
by N tanh § cosh NBH,(f) H,(—p). The pole at f=inj/N therefore con-
tributes to (28) a term

; . 1\?
8?,’(2 tan (’;) °+ZJ’Ne""P_""’B(1+N E) (45)

The term' containing V,*(f) V,(—p) is the “complex conjugate” of
this, so altogether (again taking z, = k?/4) we obtain a contribution to (28)

of
Nkl =<} k 4j/N 7tj ] 1 2
(3) — i — i~ = — = = 4
Coy - sin(u, —u,) > l] (2> tan (N> B(l +N 2) (46)

Jj=
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If N is even, a problem arises when j is an odd multiple of N/2 (due
to the integrand having a double pole). However, we are neglecting terms
of order k* so should restrict the sum in (46) to 1< j<N/2, which
removes the difficulty.

Ignoring terms of order k* or smaller, we thus have

ANIn &, =C+C2 Y (47)

As discussed in the introduction, C!}) is the contribution of the critical free
energy (ie., the Fateev—Zamolodchlkov model) and is given by (37); C‘Z’
is the first analytic correction, being proportional to k? and given by (43)
CQ) is the scaling contribution, given by (46). Note that C};), consider as
a function of k and the rapidity variables u, and u,, has the form

Cﬁ]’=k2 sin(u, —u,) F(k*") (48)

where F(x) is a Taylor-expandable function of x. [If we truncate the series
in (47) to 1 <j< N/2, as remarked above, then it is a polynomial.]

APPENDIX A

Here we consider the critical kK — 0 limit, when the model reduces to
that of Fateev and Zamolodchikov, and show that our expressions (28),
(37) then agree with previous results in refs. 7 and 1.

From (2)-(4) and (13), in this limit v,=v,=0 and we can choose
U, =u,=1. Then (5) gives

sin[ j/N — (m + a)/2N ]
Wogm) = Wpi(0) H | sin[ /N — (n —a)/2N ]

sin[n(j—1)/N+a/2N]
sin[ zj/N —a/2N ]

(A1)
W oy(n) = W,,(0) H

Jj=1

where ® =u, —u,. These formulas agree (to within a normalization) with
those of Fateev and Zamolodchikov.”” Also (6), (7) give

N—-1
D,y/Bpg=N"2(2sin 0/2) =M™ TT [2sin(a+mj)/N]/¥  (A2)

j=1

For 0 <a, b <=, one has the formula

[Sin a] © e—’(eZb/ﬂ _ e2al/7r) dt
In| — = J :
sin b —oo 2¢ sinh ¢
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from which one can deduce, for 0 <a < m, that

© 2afi/n
| Lmc) e (" e

W, (0) ~w fsinh Nf
_ 2Bl (A3)
In| = =2NInN 2
4N“[W (0)] 8 +Pj_wﬁsnhN,Bg(ﬂ a
where
(B)= 2 cosh 2§ sinh Nﬁ_ N cosh 2Nf
ERA= sinh? 28 cosh N sinh 28
2 . (A4)
(f) = NeXN—VF +2 sinh Nf cosh 28 NetV— !/
§21% = Ginh 28 cosh NB sinh? 28 sinh §
From (20), (28), and (37), for k=0 our result is
[2) e?-aﬁ/ﬂ
4N'1 2 | =P ———EW
“[pm } J_.. Fen g E P48
Using (A3), we can write this written as
K 1 2o/
In [+] ~InN+ — h(f) g, A5
W,(0) W, (0] 2 I Fay LGEY
where
h(B) = E{(B) +81(B) + &)
— _Ne-5 sinh{ N — 1) f sinh Nj (A6)

cosh? B cosh N§

The variables u,, u, in ref 1 are the same as those here. Also, 4,

W, (1, 1), WM(I,I), f(u,—u,) therein are our expressions —Ink,,

W, 0} p,, qu(O)/ﬁp,,, D_W/ﬁ,,q._Thus in our present notation the result
(6.11), (6.15) of ref. 1 (for £=0) is

K

o[-
W 0) 7,(0)

Setting x = f§/r, we can write this as

ln[ Kpg ] fw [cosh B —cosh(2a/m — 1) B] sinh(N—1)8
W, (0) W,,(0) —» 48 cosh? B cosh NB

f°° sinh ax sinh(z —a)x sinh(N —1) nx

d>
0 x cosh? nx cosh Nnx x (AD)

dap
(A8)
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Noting the evenness of the integrand and that

r’ sinh(N—1)p

—w B cosh f cosh Nf =2l N

we see that this is the same as our result (AS).

It is also the same as Eq.(12) of ref 7, provided we normalize so
that W,(0)=W,(0)=1. [In fact it appears from Eq.(2) of ref 7 that
Fateev and Zamolodchlkov normalized ¢, =30 W, (n)/N and

=yNd W «n)/N to be unity, which means that thelr specnﬁc” free
energy should be —ln(qu/é,,quq) Since W,,(0) W, O)/é,,qém N, this
implies that the RHS of Eq. (12) of ref. 7 should contain an additional term
—~In N.}

APPENDIX B

Here we use the alternative method of ref. 1 to evaluate the free energy
to the same order as in (47). In particular we rederive the contributions
C» and C}). (This method does not immediately give C}}, which plays
the role of an undetermined constant of integration, independent of k and
depending on u, and u, only via their difference u, —u,,.) The results agree
(as of course they should) with (43) and (46), and are consistent with (37).

We denote the equations of ref. 1 by the prefix I. The summand in
(L5.37) is unchanged by j— N—j and when k is small the integral is
dominated by the region where / is of order k, hence

g N-1 i
j=1
oD 2 R
XL (k_2+1—2)2K(—2j—N)/2N(1)1d1 (B1)

When £ is small, from (1.5.7),
K, (k)=3k>B(n+1/2,n+1/2)
while from (3.194.6) of ref. 10,

J~oo J4—NYN dl=k4(j—N)/N (N—=2j)n
o (K2+1%)? 2N sin(2nj/N)
so (B1) becomes
Mk)= — Z y kNN (B2)

j=1
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where
;= [(N—2j)*/n*N>] tan(j/N) B(j/N, j/N)? (B3)
From (1.5.6), neglecting terms of relative order k2, it follows that

N-1 Nzy J2n—2+ 4N

) 1
G"(k)=B<”+2 nt ) L N3\ —Nt )

(B4)

From (1.5.5), (1.4.13), (I1.4.12), and (1.6.9), it follows that, to this order in
each Fourier coefficient, the functions x,, y, of ref. 1 are

x,=—Hy—2 Y H,(k)cos2nu,

1 =l i (B5)
y,=———k%u,+2 Y H,(k)sin2nu
I4 NTZ (4 ngl P
where
N-—-1 2, _k2n+4j/N n—1 ;
N7y, j+mN (B6)

H(k)y=(—1)"
ey =( )EI 2"AN-2)? 1 2+ N+2mN

Substituting these results into (1.3.45) and (1.3.46) and ignoring (for
given u, and u,) contributions to A4, of order &* or smaller, we need only
retain the coefficient H,(k) and the term in y, linea_r in u,, giving

—4NA,,=4NInk,,=D\)+ D3+ DY (B7)

where D!} is a function of u, —u, only, independent of k, but is otherwise

at this stage undetermined, and
DV = —(2/n)(N—1) k*(u,—u,) cos(u, +u,) (B8)

Pq

D = 16N sin(u —up)f I='H (1) d

N-—-1
=N*sin(u,—u,) Y, jyk*+¥"V[(N?*—4j%) (B9)

i=1

Noting (using formula 8.335 of ref. 10) that

B(x,x)y=(2x+1) B(1+x, 1/2)/(4"x) (B10)

822/82/5-6-2
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it follows that

N-1

D) = (Nk?/n*) sin(u, —u,) Y i (k/2)¥™ tan(mj/N) B(1+ j/N, 1/2)?
Jj=1
(B11)

If we truncate the sum in (B9) to only the j=1 term, then we regain
the result (1.6.11).

We want to assert that the main result (47) of this paper is consistent
with the result (B7) of this appendix, more strongly that C.)=D}) for
i=1,2,3. Certainly C!) is a function of u, — u, only, 1ndependent of k and
so has the form allowed for D). Also, from (43) with (B8), C'2)=D>. As
written, the sums in (46) and (B11) have different upper llmlts but as
remarked after (46), to order less than k* both should be restricted to the
range 1 < j< N/2. (This restriction also removes the problem that many of
the summands of this appendix are undetermined or infinite for j=N/2.)
Then we obtain C))= D). Thus (7) is consistent with (47).

REFERENCES

1. R. J. Baxter, J. Stat. Phys. 52:639-667 (1988).

2. R. J. Baxter, J. H. H. Perk, and H. Au Yang, Phys. Lett. A 128:138-142 (1988).

3. H. Au-Yang and J. H. H. Perk, Onsager’s star-triangle equation: Master key to
integrability, in Advanced Studies in Pure Mathematics, Vol. 19, K. Aomoto and T. Oda,
eds. (Academic/Kinokumiya, Tokyo, 1989), pp. 57-94.

4. R. J. Baxter, Phys. Lett. A 146:110-114 (1990).

5. R. J. Baxter, V. V. Bazhanov, and J. H. H. Perk, Int. J. Mod. Phys. B 4:803-870 (1990).

6. R. J. Baxter, Calculation of the eigenvalues of the transfer matrix of the chiral Potts
model, in Proceedings of the Fourth Asia-Pacific Physics Conference ( Seoul, Korea, 1990)
(World Scientific, Singapore, 1971), Vol. 1, pp. 42-58.

7. V. A. Fateev and A. B. Zamolodchikov, Phys. Lert. A 92:37-39 (1982).

8. R. J. Baxter, J. Stat. Phys. 28:1-41 (1982).

9. M. J. O’'Rourke and R. J. Baxter, Interfacial tension of the chiral Potts model, J. Stat.
Phys. 82:1-29 (1996).

10. 1. S. Gradshteyn and 1. M. Ryzhik, Table of Integrals, Series and Products {Academic
Press, New York, 1965).



